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Abstract-As well known, when the non-linear inertia terms in the Navier-Stoke’s equations are neg- 
lected, the fluid motion is governed by the principle of minimum dissipation in the steady state. Corre- 
spondingly, in heat conduction the heat flow satisties the principle of minimum “thermal dissipation”. 
Considering linearized Benard convection, a combination of these two principles is easily obtained. 
The aim of this note is to extend this last principle into the non-linear regime. It is assumed that the 
Rayleigh number is only slightly larger than the critical value, and it is then found that the minimum 

principle is still true. 

NOMENCLATURE 

all-over wave number ; 
amplitude, defined by (2.11) ; 
acceleration of gravity ; 
depth of fluid layer ; 
1,2or3; 
Prandtl number ; 
pressure ; 
Ray Ieigh number ; 
time ; 
temperature ; 
standard temperature ; 
velocity (u,, u2 horizontal velocity, uJ 
vertical velocity) ; 
space coordinate (xi, x2 horizontal 
coordinate, x3 vertical coordinate); 
coefficient of expansion ; 
Kronecker delta ; 
thermal diffusivity ; 
kinematic viscosity ; 
density ; 
standard density ; 
temperature; 
vector gradient ; 
Laplacian. 

The superscripts are defined by (3.2H3.5). 

1. INTRODUCMON 

IT IS well known that for heat conduction the 
tem~rature distribution is governed by a 
minimum principle. This principle is easily 
derived from the equation of heat conduction 
which may be written 

aT 
- = KV’T 
at 

(1.1) 

where T is the temperature, t the time, IC the 
thermal diffusivity and V2 the Laplacian. We 
multiply (1.1) with aT/& and integrate over 
the entire fluid layer (or, more general, the entire 
body). The right hand side is transformed by 
applying the Gaussian Theorem. Assuming 
that at the boundaries either T is time-inde- 
pendent or the derivative of T along the bound- 
ary normal is zero, we obtain 

$K((VT)~) = - (1.2) 

where ( > denotes integration over the fluid 
layer. The quantity $c((VT)~) may properly 
be called the (rate of) thermal dissipation. 
(1.2) shows that the thermal dissipation ever 
decreases until the heat flow becomes steady. 
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Therefore, in the steady state, the thermal 
dissipation attains a min~um value. For heat 
conduction this principle is closely related to 
the principle of minimum entropy production 
as put forward by Prigogine and his col- 
laborators (see e.g. [l]). Their principle is 
obtained by multiplying (1.1) with -ST’” ‘/at 
and integrating over the fluid layer, applying 
the boundary conditions. We then find that 

Assuming that the temperature deviates only 
slightly from the temperature in the steady 
state, (1.3) may be written, approximately, 

The left-hand side is the time derivative of the 
entropy production (apart from a constant 
factor). It thus follows that the entropy produc- 
tion attains a minimum value in the steady state. 
It is noted that (1.4) is only true when the 
temperature is close to the steady state whereas 
(1.2) is free from such restrictions. 

A similar principle as (1.2) is aIso valid for 
the motion in an incompressible fluid, dis- 
regarding the gravity and the non-linear inertia 
terms. The equations of motion may then be 
written 

au- 1 ap l= &72&4i--- 
at p aXi 

(1.5) 

where ui is the velocity in the i-direction (i = 
I, 2,3), v is the kinematic viscosity, p the 
density and p the pressure. Multiplying (1.5) 
with &/at, integrating over the entire fluid 
layer, applying the boundary conditions, and 
taking account of the incompressibility condi- 
tion, leads to 

&tv ((VuJ2) = - (M 

where we have used the summation convention. 
Here &((VuJ2) is the (rate of) dissipation. 

According to (1.6) the dissipation ever decreases 
until the motion becomes steady. We thus 
find that the dissipation attains a minimum 
value in the steady state, a result which was 
already derived by Rayleigh ([2], p. 618). The 
corresponding principle concerning minimum 
entropy production is obtained by multiplying 
(1.6) with T- ‘. Assuming that the temperature 
is approximately constant, T may be put 
inside the space integral. The left-hand side 
then denotes the time derivative of the entropy 
production which is thus seen to obtain a 
minimum value in the steady state. 

An extension and combination of the two 
principles (1.2) and (1.6) is easily derived for the 
case of heat convection. As above we disregard 
the non-linear terms. Furthermore. we shall 
apply the Boussinesq approximation. Intro- 
ducing dimensionless quantities the linearized 
versions of the equation of heat and the equa- 
tions of motion may then be written (see section 

2) 

a0 - = V2@ + Ru, 
at (1.7) 

2_ f% - 
at - - axi 

f P&5, + PV2u,. (1.8) 

Here R is the Rayleigh number and P the Prandtl 
number (defined in section 2) and Bi3 the 
Kronecker delta. Subscript 3 denotes the vertical 
direction. The equation of continuity takes the 
form 

c’u. 2 = 0. 
aXi 

(1.9) 

We multiply (1.7) with Pi%/& and (1.8) with 
&&/at, integrate the equations over the entire 
fluid layer and add the equations. 

Applying (1.9) and the Gaussian Theorem, 
utilizing the boundary conditions Ui = 0 and 
T is time-independent (or the derivative of T 
along the boundary normal is zero), we obtain 
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where 

v = P(($(VT)‘) + $R((VUi)‘) - R( TUS)). 

(1.11) 

The functional Y is composed of three 
terms, the two first being proportional to the 
thermal dissipation and the dissipation, res- 
pectively. The last term is proportional to the 
conversion of potential energy into other energy 
forms. Ir may be called the generalized dissi- 
pation and (1.10) states that the generalized 
dissipation ever decreases until the motion 
becomes steady. In the steady state the gen- 
eralized dissipation therefore attains a minimum 
value. This principle is closely connected to 
the principle on minimum entropy production 
for linear convection [l] which is derived by 
assuming that the velocity and temperature 
field are close to that of the steady state. We 
shall, however, not go in any details here. 

It may perhaps be worth while to mention 
that the minimum principles (1.2), (1.6) and 
(1.10) readily follow from a somewhat more 
general principle. We consider the equation 

w 
x+L*=O (1.12) 

where 9 may be a vector and L a linear matrix 
operator. The problem is assumed to be self- 
adjoint such that 

Multiplying (1.12) with &b/at and integrating 
we then obtain 

agile = - 2(~~) (1.13) 

which shows that the quantity (1//L+) has a 
minimum value in the steady state. 

(1.10) was derived by cancelling convection 
of momentum and heat. An important question 
is if a principle of the form (1.10) also exists if 
the non-linear terms are taken into account. 
To answer this question we note that the 
existence of such a principle involves that the 

motion approaches a steady state. This cannot 
be the case when the motion for example is 
turbulent. Further, for laminar motion we 
know that for sufficiently high Rayleigh num- 
bers the motion becomes oscillatory. So ob- 
viously, if a principle of the form (1.10) exists 
in the non-linear regime, the corresponding 
Rayleigh numbers must be relatively moderate. 
In the next sections we shall attempt to take 
into account these non-linear terms, assuming 
that the Rayleigh number is just slightly above 
the critical value. It will turn out that by a 
minor redelinition of V, (1.10) is still valid. 

2. THE BASIC EQUATIONS AND BOUNDARY 
CONDITIONS 

We shall consider a fluid layer of infinite 
horizontal extent and bounded by two hori- 
zontal boundaries. For simplicity we apply 
the Boussinesq approximation and disregard 
any effect due to the material properties being 
temperature dependent. The equations of 
motion and continuity may then be written 

hi hi 1 ap 
at f Ukax = - -- - ~6i3 + VV2Ui (2.1) 

k PO% PO 

aui o 

axi = 
(2.2) 

where we have used the summation convention, 
and i, k may be 1,2,3. xl, x2 are horizontal 
coordinates, x3 the vertical coordinate measured 
positive upwards, t the time, uI the velocity, 
p the density, p. a standard density, p the 
pressure, g the acceleration of gravity, v the 
kinematic viscosity, 6, the Kronecker delta 
and V2 is the Laplacian. Furthermore, the 
heat equation is 

aT 
-+ukg=h-V2T at (2.3) 

k 

and the equation of state may be written 

P = PO@ - a@- - T,)). (2.4 

Here T denotes the temperature, ic the thermal 
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diffusivity, ct the coeflicient of expansion and 
7’, is a standard temperature. 

The temperature may be written 

T= z-,--fix,+-8 (2.5) 

where @ = ATOP with AT denoting the dif- 
ference in temperature between the lower and 
upper boundary and h the depth of the layer. 

To get a dimensionless form of the equations 
we set 

xi = hx:, ui = r&/h, t = h2t’/k 

@ = ~v~/~gh3, p = K2p,p’/h2. 

Disregarding the static pressure, applying (2.4) 
and (2.5), and dropping the primes, we obtain 

aui aP - 
at 

+U,~=-ax+PBsi,+PV’Ui (2.61 
k I 

a0 

z 
+u*~=V%+RU) (2.7) 

k 

(2.8) 

Here P is the Prandtl number and R the Ray- 
leigh number : 

p,v R _ wPh4 --. (2.9) 
n VK 

The horizontal boundaries may be either rigid 
or free. In the first case Ui = 0 at the boundary ; 
in the last case the vertical velocity and the 
shearing stresses are zero at the boundary. 
It will furthermore be assumed that the hori- 
zontal boundaries are either perfect heat 
conductors or perfect heat insulators. Applying 
(2.8) we then have 

U1 =o, 

azu3 U3 = 2 =L: 0, 
ax, 

at rigid 

’ = ’ Or g = ’ boundaries -3 

The linearized version of equations (2.6)-(2.8) (3.1) is identical to (l.lO), apart from the two 
together with the proper boundary conditions last terms on the right-hand side which are due 
lead to an eigenvalue problem. It is easily shown to non-linear convection ofheat and momentum. 

(and well known) that this problem is self- 
adjoint. Introducing that Ui and 8 are pro- 
portional to exp ot, we therefore will find that cr 
is real. The onset of convection thus takes place 
for d = 0 which corresponds to neglecting the 
operator &‘c?t in the linearized equations. Let the 
corresponding value of R be denoted by R(O). 
Eliminating Ui and u2 and applying (2.8) the 
linearized equations take then the form 

v4u3 -t- vi0 = 0 

R”‘u, f V20 = 0 
(2.10) 

where V$ is the two-dimensional Laplacian. 
The general solution of (2.10) may be written 

U3 =f(xJ CA, cos a(x1 cos $, 

f x2 sin Cp, + $,) 

0 = g(xJ CA” cos u(Xl cos #, 
(2.11) 

+ x2 sin cb, + $,) 

where f(x3) and &x3) satisfy the differential 
equations 

2f(x,) - aZg(x,) = 0 

(2.12) 

3. DERIVATION OF THE MINIMUM PRINCIPLE 
We multiply (2.6) with R h,ldt and (2.7) with 

P cW/dt, add the equations and integrate over 
the entire fluid layer. Applying the Gaussian 
Theorem and the boundary conditions, we find 

$ pt&(VQ2> + tR<(VuJ2> - R(@U,>l 
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The mathematical problem now consists in 
recasting these two terms into an appropriate 
form. Since it is assumed that the Rayleigh 
number is only slightly above the critical value, 
we shall apply the perturbation method. 

An arbitrary initial motion consists of an 
infinite number of modes. All of these, except the 
critical mode, decays exponentially with time. 
The latter, however, grows exponentially with 
time until the non-linear terms become im- 
portant (for a more complete discussion, see [3]). 
We shall here only be interested in the develop- 
ment of the motion from that stage on, dis- 
regarding the decaying modes. 

A consistent expansion scheme is 

R = R’O’ + c2Rc2) + . . . (3.2) 

Ui = EUI(‘) + &i(2) + . . . (3.3) 

e= Let’) + &w + . . . (3.4) 

P= cp”’ + ,2p’2’ + . . . (3.5) 

with 

a a 
3 = 62-g + . . . 

where a/& is of order unity. In (3.2) R(l) is 
cancelled to obtain an expansion which is also 
valid for large values of time. Furthermore, 
since the critical mode is the solution of a self 
adjoint problem, a/at is small. It is readily 
shown that a/i% is (at most) of order 6’ ; compare 
the remarks to (3.10). Introducing the expres- 
sions above in (2.6) and (2.7), we obtain for the 
first order terms 

apfl) -- 
axi 

+ me%,, + PVW = 0 t (3.6) 

V28”’ + R’o’us” = 0. (3.7) 

For the second order terms we find 

apc2) au(l) - ax. + peqi3 + pv2~i2) = Q'- 
axr, 

(3.8) I 

pet21 + R”3’42 = (3.9) 

If we multiply (3.6) with R(O) and (3.7) with 
P, the system of equations (3.6), (3.7) constitute 
together with the boundary conditions a self 
adjoint problem (which was exploited above in 
cancelling the a/at operator). 

(3.8) and (3.9) compose a system of inhomo- 
geneous equations which formally has the same 
left hand side as the system (3.6), (3.7). In order to 
secure that this inhomogeneous problem pos- 
sesses a solution, it must fullil the solvability 
condition. Let u!‘)’ and 8 (‘)’ denote an arbitrary 
solution of the’ first order equations, which 
fulfil the boundary conditions and (2.8). We 
multiply (3.8) with Rco)u~‘)’ and (3.9) with PO(‘)‘, 
add the equations and integrate over the entire 
fluid layer, applying the boundary conditions. 
The solvability condition is then obtained by 
putting the sum of the terms on the right hand 
sides equal to zero. Putting first u(“’ = u(l) and 
e(l)’ = e(l) we must have 

+ P +)~e$ = 0. (3.10) 

Applying the equations of continuity and 
boundary conditions we notice that this relation 
is identically fulfilled, indicating that so far the 
expansion scheme is consistent. It may be noted 
that if d/at was assumed to be O(c) (instead of E’), 
(3.10) would contain an additional a/at-term 
which is inconsistent with the solvability 
condition. 

Correspondingly the sum ofthe left-hand terms 
equal to zero gives 

R(o) qpuy)) + R(o) (e(l+#)) 

-R(~)(~u~~)vu~(~)) + (ve(2)ve(l)) = 0. (3.11) 

Furthermore, putting 

uy” _ W’ 
at 

and ($1) _ “iy’ 
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we obtain 

Returning to (3.1) we note that according to 
(3.11) the sum of the fifth order terms (a/& is of 
second order) on the left-hand side is zero, and 
that according to (3.12) the sum of the fifth- 
order terms on the right-hand side is zero. 
Therefore, to obtain a result of interest we must 
in (3.1) take into account sixth-order terms. 

As to the last two terms in (3.1) we first note 
that (see [4]) 

The two terms also give rise to other sixth-order 
terms which sum after some algebra (see the 
appendix) may be written 

+ 

+ 

- *R(O) ((vU~2))2> - 3 ((W2’)2) ) . (3.14) 

The right-hand side in (3.14) is similar to the 
left-hand side in (3.1), except that in (3.14) R is 
replaced by R(O). Since R(l) is zero, AR = R - R(O) 
is of second order. Furthermore, from (3.6) and 
(3.7) we deduce that 

(foci)) ={@$‘)2) (3.15) 

which expresses the balance between the con- 
version of potential energy and the rate of 
dissipation. Applying this, the right-hand side 
in (3.14) may be written 

$P; f+<fV@)2> + +R <@ui)‘> 

+ +AR (fVUi)‘> - R (@U,>) (3.16) 

valid to the sixth order. Introducing this result 
in (3.1) we end up with 

valid to the sixth order, where V is defined by 

V = P($(V@2 + $R’“‘(Vu,)2 - R@u,) . (3.18) 

Comparing this definition of I/ with that given 
in (1.11) we note that the difference is that in 
(3.18) R(O) appears as a factor in the dissipation 
term instead of R. Calling v defined by (3.18) 
the generalized dissipation we thus have that 
the generalized dissipation ever decreases until 
the motion becomes steady. In the steady state 
the generalized dissipation therefore attains a 
minimum value. 

4. DISCUSSION OF THE MINIMUM PRINCIPLE 

We multiply (2.6) and (2.7) with 6ui and 60, 
respectively (instead of built and &?/at) where 
6ui satisfies (2.8) and Su and 68 are given by 
(compare (2.11)) 

&j = f(q) -&?A, cos U(Xl cos 4, 

f x2 sin 4, + ICI,) 

68 = g(x& 16A, cos u(xt cm i& (4.1) 

+ x2 sin 4, + $,). 

A procedure similar to that given above then 
leads to 

(4.2) 

instead of (3.17). Introducing (2.11) and (4.1) and 
utilizing that 

a2uy) - a2UsL! 

ax,dxi 
(i = 1, 2) (4.3) 

(4.2) takes the form 

:a~,, = - ~A,&A, (4.4) 
” 

with 

1 = + (R(Lz-‘~‘~ -t- f2) + f’ <g2)). 
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From (4.4) it follows that 

(4.5) 

which shows that, to the order considered, the 
non-linear amplitude equations may be derived 
from the minimum principle. The existence of 
an extremum principle for the amplitude 
equations was derived some years ago by 
Busse [S] by a different approach than that 
given here and without giving physical inter- 
pretation of the functional which is minimized. 

The minimum principle in the form (4.5) 
shows that the vector dA, is directed normal to 
the surface I’ = constant and such that dA, 
points towards decreasing values of K In the 
simple case of only two amplitudes A, and A,, 
this fact may be exploited to solving the 
corresponding time dependent non-linear 
amplitude equations graphically by first con- 
structing Vas a function of A, and A, and then 
drawing curves normal to the isolines of I/: 

It has been suggested by Malkus [6,7] that 
the physical realized motion is the one which 
corresponds to maximum convective heat 
transport. Seemingly, this suggestion is in 
contradiction to the minimum principle derived 
above. This is, however, not the case. In Malkus 
principle which, to the same order as considered 
here, was shown to be true by Schltiter et al. [4], 
the realized steady motion is only compared to 
other possible steady state solutions-in contrast 
to the present principle where the class of 
comparable functions are much wider. It was 
shown by Busse [5] that by only comparing 
possible steady state solutions, not only the 
convective heat transport, but any physical 
quantity described as an average property of 
the stationary solution is maximum for the 
realized steady motion at a given Rayleigh 
number. This conclusion by Busse is readily 
obtained by applying the energy equations for 
steady motion. These are found from (2.6) and 
(2.7) to be 

(eu,) - ((VuJ2) = 0 (4.6) 

R<t?u,) - ((WQ2) = 0. (4.7) 

Multiplying (4.6) by R and adding the equations 
we obtain 

2R(@u3> - R((VuJ2) - ((V@z) = 0. (4.8) 

Comparing this equation with (3.18) we find 
that for the steady case 

v = +AR((VU~~))~). (4.9) 

For given R we thus conclude that by limiting 
us to only comparing the various steady state 
solutions, the realized solution corresponds to 
maximum dissipation. Applying (4.6) we note 
that also the convective heat transport is 
maximum (Malkus’ principle). From (4.7) it 
follows that also ((W)‘} is maximum, and 
furthermore, the various combinations of these 
quantities are maximum. 

This unambiguity disappears when the 
broader class of comparable functions (2.11) are 
considered which lead to the minimum principle 
(3.17). 
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APPENDIX 

To prove (3.14) we first consider the terms due to the 
non-linear heat convection. Applying the identity 

~~~~l~!?@~ = ~$~@Z> 
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the boundary conditions and (2.8) we find that 

We shall next prove that 

We note that 

(A.4) 

Let us lirst consider k = 1 in (A.3). Introducing (2.11) we 
find that 

au,(*) afv 
-- = gf’ C d,A, cos 4. cos 4, sin a(x, cos 4. 
at ax, m,n 

f xzsin 4. + $,)sina(x, cos& -r x2 sin Cp, + Ij/,). (AS) 

Correspondingly, we derive that 

Us ?!? = sf’ 1 &,A, cos &, cos 4, sin a(x, cos 4, 
a.x,ar nr,n 

+ x2 sin & + $,) sin n(xl cos 4” + x2 sin 4, + +,). (A.6) 

Changing the summation notations m and n we note that 
the two right-hand sides in (AS) and (A.6) are equal and 

(A.3) is fulfilled for k = 1. The proof for k = 2,3 is quite 
similar. Applying the boundary conditions (A.3) may be 
rewritten as 

By means of (A.2) and (A.7) we obtain 

~$?!!$!$)+ (+l?$Q 

The terms due to the non-linear convection of momentum 
are easily found by a quite similar procedure. This leads to 

To derive (3.14) we multiply fA.8) with P and (A.9) with 
Rf’) and add the expressions. The right-hand side thus 
obtained is transforms to the right-hand side in (3.14) by 
the following procedure. We multiply (3.8) with R(*’ au/‘)/& 
and (3.9) with Pa@*)/& add the equations and integrate 
over the entire fluid layer, applying the boundary conditions. 
(3.8) is then multiplied with R(*)u,(‘), and (3.9) with P@‘, 
the equations are added and integrated as above. 

UNE NOTE SUR UN PRINCIPE DE MINIMUM DANS LA CONVECTION DE BENARD 

RCum& 11 est bien connu que lorsque Ies termes d’inertie non lintaire dans les huations de Navier- 
Stokes sent nbglig&, le mouv~ent du hide est r&i par le principe de dissipation minimale dans I’&& 
stable. De man&e correspondante, dans la conduction thermique, le flux thermique satisfait le principe de 
“dissipation thermique” minimum. 

En considkrant la convection IinCariste de Bbnard, on a facilement obtenu une combinaison de ces 
deux principes. Le but de cette note est d’6tendre ce dernier principe au r&me non linCaire. On suppose que 
le nombre de Rayleigh est seulement 16g&rement plus grand que la valeur critique et on trouve alors que 

le principe de minimum est encore vrai. 

EIN MINIMUM-PRINZIP IN DER BkNARD-KONVEKTION 

ZusammenfasPung-Wenn man die nichtlinearen Tragheitsglieder in den Navier-Stokes’schen Gleichungen 
vernachlissigt, wird die Bewegung des Fluids durch das Prinzip der minimalen Dissipation im stationiiren 
Zustand beschrieben. Entsprechend erf%illt im Falle der Wlrmeleitung der Wiirmestrom das Prinzip der 
minimalen “W~~~issipation”. Durch L~~risierung der Boned-Konvektion erhglt man leicht eine 
Kombination dieser zwei Prinzipien. Das Zicl dieser Arbeit ist es, das letztere P&zip aufden nicht-linearen 
Bereich zu erweitern. Es wird angenommen, dass die Rayieigh-Zahl nur leicht grssser ist als der kritische 
Wert. Es zeigt sich dann, dass das Minimum-Prinzip noch gilt. 
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0 HPkIHIJkil-IE MkiHElMYMA B KOHBEKqtlM BEHAPAA 

Anno~aqsu~-~opo~~~o UaBeCTHO, 9~0 ecnu npeee6pesb HeJIuHeiHbWi WeHaMu UHepquu B 

ypaBHeHuRX HaBbe-CTOKCa,~BumeHue WU~~KOCTH 6yAeT Onpe~enRTbCR npuHlWlOM MUHuMa- 

nbsioil ~uccunaqua B cTaqnoHapsioM C~CT~HHUU. COOTBeTCTBeAHO, npa nepenage Tenna 

TenJlOnpOBO~HOCTbIO TenJIOBOti nOTOK yAOBJleTBOpJ3eT npuHqUny MUHuMaJlbHOii UTenJIOBOtt 

Auccunaquuj). B cnysae JIUHeapUaOBaHHOi KOHBeHWiU BeHapga JlerKO nony9aeTcH 

KOM6UHaqUR eTuX AByX npuqunoB. qenbxo HacTos~etipaBoTbI fIBJIReTCR pacnpocTpaHeHue 

nocneAHer0 npuaquna Ha HezuHettHni cnyqati. IIpuHurdaeTcs, YTO wageHue wicna Penefl 

JIULUb CJlerKa BbIIIIe KpUTWleCKOI'O BHa4eHUlI. HaflheHo, 9To npuHqun MuHuMyMa B eT0~ 

cnygae OCTaeTCR CnpaBefinuBbIM. 
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